The aim of this paper is to solve the bispectral problem for bispectral operators whose order is a prime number. More precisely we give a complete list of such bispectral operators. We use systematically the operator approach and in particular -Dixmier ideas on the first Weyl algebra. When the order is 2 the main theorem is exactly the result of Duistermaat-Grünbaum. On the other hand our proofs seem to be simpler.
Introduction
Bispectral operators have been introduced by F. A. Grünbaum (cf. [G1, G2] ) in his studies on applications of spectral analysis to medical imaging.
In the present paper we give complete classification of bispectral operators of prime order. We start with some definitions and results that are needed to state our results, as well as to make clear the connection with other research.
An ordinary differential operator L(x, ∂ x ) is called bispectral if it has an eigenfunction ψ(x, z), depending also on the spectral parameter z, which is at the same time an eigenfunction of another differential operator (z, ∂ z ) now in the spectral parameter z. In other words we look for operators L, and a function ψ(x, z) satisfying equations of the form:
Although, as mentioned above, the study of bispectral operators has been stimulated by certain problems of computer tomography, later it turned out that they are connected to several actively developing areas of mathematics and physics -the KP-hierarchy, infinite-dimensional Lie algebras and their representations, particle systems, automorphisms of algebras of differential operators, non-commutative geometry, etc. (see e.g.
[BHY1, BHY3, BHY4, BW, BW1, BW2, DG, K, W1, W2, MZ], as well as the papers in the proceedings volume of the conference in Montréal [BP]).
In the fundamental paper [DG] Duistermaat and Grünbaum raised the problem to find all bispectral operators and completely solved it for operators L of order two. The complete list is as follows. If we present L as a Schrödinger operator
the potentials u(x) of bispectral operators, apart from the obvious Airy (u(x) = ax) and Bessel (u(x) = cx −2 ) ones, are organized into two families of potentials u(x), which can be obtained by finitely many "rational Darboux transformations"
Thus the classification scheme prompted by the paper [DG] is by the order of the operators. G. Wilson [W1] introduced another classification scheme -by the rank of the bispectral operator L (see the next section for definitions). In the above cited paper [W1] (see also [W2]) Wilson gave a complete description of all bispectral operators of rank 1 (and any order). In the terminology of Darboux transformations (see [BHY1]) all bispectral operators of rank 1 are those obtained by rational Darboux transformations on the operators with constant coefficients, i.e. L = p(∂ x ) ∈ C. In the above mentioned papers [DG, W1] the classification is split into two more or less independent parts. First, there is an explicit construction of families of bispectral operators of a given class (order 2 in [DG]; rank 1 in [W1]). The construction can be given in terms of Darboux transformations of "canonical" operators (a notion that needs clarification, see the last section for some comments). A second part should be to give a proof that, if an operator (in the corresponding class) is a bispectral one, then it belongs to the constructed families.
In the last few years there has been increased activity in the direction of constructing classes of bispectral operators ([BHY1, BHY3, KRo, Z]). For a survey on this subject, see [BP, H1] and the references therein. To the best of my knowledge, all families of bispectral operators known up to now can be constructed by the methods of [BHY1, BHY3]. For a simplified exposition of these results, see the first part of [H1]. A challenging problem is to prove that all the bispectral operators have already been found. A natural approach would be to divide the differential operators into suitable classes, e.g. -by order as in [DG] or by rank and to try to isolate the bispectral ones amongst them. In [HM] we have proposed another classification scheme -that is to consider the operators with a fixed type of singularity at infinity. The main result of that paper is the classification of bispectral operators possessing the simplest type of singularity at infinity -the Fuchsian one. My opinion is that all classification schemes mentioned above may help each other as seen from the main results here.
In the present paper we return to the initial classification scheme -that of [DG] . We give a list of several families that contains all bispectral operators whose order is a prime number. Before stating the results we introduce some definitions and notations which will be used also throughout the paper. We are going to consider operators, normalized as follows:
It is well known that with the above normalization all the coefficients of L are rational functions (see [DG, W1] or the next section). Now we can formulate the main result of the present paper.
